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ABSTRACT
We intensively investigate a very particular situation when

X:{xE]RQ: m1+x2§0};

@ (r) =21+ 22, f(:c)z(m—i—l,xg—l);

Sa)={yeX: o@<e}

for all =z € X.

This example shows, in particular, that an implication stated in a maximality
theorem, published by Rail Fierro in 2017, is not true without assuming the anti-
symmetry of the corresponding preorder.

A true particular case of this theorem improves and supplements a former similar
theorem of Sehie Park from 2000, and has to be proved just after Zorn’s lemma
and a maximality principle of H. Brézis and F. Browder.

KEYWORDS
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1. Introduction

In [17], by using a preorder < on a nonempty set X and the notation
Sz, X)={yeX: =y},

Rail Fierro tried to prove the following partial improvement of [35, Theorem 1] of
Sehie Park without mentioning his former similar papers [32, 33].

Theorem 1.1. Let xg € X. The following eight conditions are equivalent: (1)
there exists a maximal element z* € X such that x¢o < x*;
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(2) there exists x € S(xg, =) such that for each chain C in S(z1, %),
ﬂxGCS(:B —<)7£®

(3) there exist x, € S(x9, =) and a maximal chain C* in S(z1, X) such
that (,cc. S(x, 2)#0;

— 2% such that, for each x € S (v, <)\ Tz,

¥

(4) for each T : S(zp, X)

there exists ye€ X \ {z} satisfying = <y, there exists z € S (xg, <)
such

that ze€Tz;
(5) any function f: S(zg, X) - X such that z < f(z), for all z €
S (x07 j) ’

has a fized point;

(6) foreach T : S(zg, =) — 2X\{0} such that z <y, forall z €S (x, <)
and y € Tx, there exists z € S(xg, =) such that Tz ={z};

(7) any family F of functions f : S(xp, 2) = X such that = < f(x),
for

all z € S(z9, %), has a common fized point ;
(8) for any subset Y of X such that S(zo, X)NY =0, there exists = in
S(zg, 2)\Y satisfying S(z, =)={z}.

In the present paper, we shall intensively investigate the interesting par-
ticular case when

X:{xERQ: xl—l—a:gSO};
¢ () =21 + 22, f@)=(z1+1, za—1);

S)y={yeX: ¢ <el}

for all z € X.

This example will show, in particular, that the implication (3) — (4) in
Theorem 1.1 is not true without assuming the antisymmetry of the relation
<.

Namely, in this case, it can be easily seen that X (S) = (X, S) is a
nonvotid, totally preordered, but not partially ordered set.
Moreover, under the notations

zo=x1=0=(0,0) and C* = 5(0)=¢0),

we have xg€ X, x1 € S(xy), and C* is a marimal chain in S (x;).
Furthermore, by using our forthcoming Theorem 6.2, we can see that

() S = () S 2() Sk (0) D {0} #0.

zeC* €S (0) zeX
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Therefore, the corresponding particular case of assertion (3) holds.
On the other hand, by defining

T(x)={f(x)} for all r e X,

we can easily see that, for each x € S(xy)\ T (z), we have f(z) e X\ {z}
such that f(x) € S(z).

However, despite this, for each z € X we have z ¢ T (x). Therefore,
the corresponding particular case of assertion (4) does not hold.

A relational improvement of a true particular case of Theorem 1.1 has
been proved in [7], where the curious assertion (8) has also been refor-
mulated.

This tmprovement generalizes and supplements a former similar theo-
rem of Park [35, Theorem 1]. (See also [32, 33] for some more general
settings.)

Moreover, it has to be treated just after the famous Zorn lemma [30,
p. 532], and a useful maximality principle of Brézis and Browder [8,
Corollary 2].

2. A Few Basic Facts on Relations

A subset R of a product set X xY 1is called a relation on X to Y. In
particular, a relation R on X to itself is called a relation on X. And,
Ax = {(z,2) : z € X} and X? are called the identity and universal
relations on X, respectively.

If R is a relation on X to Y, then for any x € X and A C X the sets
R(z)={yecY: (z,y) € R} and R[A]=J,.4 R(a) are called the images
or neighbourhoods of © and A under R, respectively.

If (z,y) € R, then instead of y € R(x), we may also write x Ry.
However, instead of R[A] we cannot write R(A). Namely, it may occur
that, in addition to A C X, we also have A € X.

Now, the sets Drp={xz € X: R(z)#0} and R[X]| may be called the
domain and range of R, respectively. And, if Dr = X, then we may say
that R is a relation of X to Y, or that R is a non-partial relation on X
to Y.

If R is a relation on X to Y and E C Dg, then the relation R|E =
RN (EXY) 1is called the restriction of R to E. Moreover, if R and S are
relations on X to Y such that Drp C Dg and R = S|Dg, then S is called
an extension of R.

In particular, a relation f on X to Y is called a function if for each
x € Dy there exists y €Y such that f(z) ={y}. In this case, by identifying
singletons with their elements, we may simply write f(x) =y instead of
f@) =A{y} -

Moreover, a function * of X to itself is called a unary operation on
X. While, a function * of X? to X is called a binary operation on X.
And, for any x,y € X, we usually write ©* and xxy instead of *(x) and
x(x,y), respectively.
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If R is a relation on X to Y, then a function f of Dr to Y 1is called a
selection function of R if f(x) € R(z) for all x € Dg. Thus, by the Axziom
of Choice [26], we can see that every relation is the union of its selection
functions.

For a relation R on X to Y, we may naturally define two set-valued
functions ¢, of X to P(Y) and ®r of P(X) to P(Y) such that ¢i(z) =
R(z) for all x € X and Pr(A)= R[A] for all ACX.

Functions of X to P(Y) can be naturally identified with relations on X
to Y. While, functions of P(X) to P(Y) are more powerful objects than
relations on X to Y. In [66], they were briefly called corelations on X
to Y.

However, if U is a relation on P(X) to Y and V is a relation on P(X)
to P(Y), then it is better to say that U is a super relation and V is a
hyper relation on X to Y [42, 69]. Thus, closures (proximities) [72] are
super (hyper) relations.

Note that a super relation on X to Y is an arbitrary subset of P (X)xY.
While, a corelation on X to Y 1is a particular subset of P(X)x P(Y).
Thus, set inclusion is a natural partial order for super relations, but not
for corelations.

For a relation R on X to Y, the relation, R°= (XxY )\ R is called the
complement of R. Thus, it can be shown that R°(x) = R(z)° =Y \ R(z)
for all € X, and R°[A]°= (),cq R(a) for all ACX.

Moreover, the relation R™' ={(y,z): (x,y) € R} 1is called the inverse
of R. Thus, it can be shown that R™'[B]={xze€ X: R(zx)NB#0} for
all BCY, and in particular D= R7'[Y].

If R is a relation on X to Y, then we have R = |J,.y {7} xR(x).
Therefore, the values R (x), where x € X, uniquely determine R. Thus,
a relation R on X to Y can also be naturally defined by specifying R (x)
for all x € X.

For instance, if S is a relation on Y to Z, then the composition SoR
can be defined such that (SoR)(x) = S[R(z)] for all x € X. This is
equivalent to the box product [62], which can be directly defined for any
family of relations.

3. Some Important Relational Properties

Now, a relation R on X, i.e., a subset R of X?, may be briefly defined
to be reflexive and transitive if under the plausible notations R° = Ax
and R>=RoR, we have R° C R and R?> C R, respectively.

Moreover, R may be briefly defined to be symmetric and antisymmetric
if R'C R and RNR™' C R, respectively. And, R may be briefly defined
to be total and directive if X?C RUR™' and X2 C R 'o R, respectively.

In the sequel, as it is usual, a reflerive and transitive (symmetric) re-
lation will be called a preorder (tolerance) relation. And, a symmetric
(antisymmetric) preorder relation will be called an equivalence (partial
order) relation.

For a relation R on X, by using R° = Ax, we may also define R" =
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RoR"™ ! for n € N. Moreover, we may also define R>® = U.2y R". Thus,
R> is the smallest preorder relation on X containing R [20].

For a set A and an increasing sequence A = (An)zoz1 in P(X), the
relations Ry = AU (A°xX) and Ra=AxUU,2, (4, x A2) may be
called the Pervin and the Cantor preorders on X [34, 41], respectively.

Note that if R is only reflexive relation on X and r € X, then Apr(x)=
(R™(x))2, is already an increasing sequence in P(X). Thus, the preorder
relation R4,y may also be naturally considered.

Moreover, for a real function ¢ of X and a quasi-pseudo-metric d on
X [18, p. 3], the relation R, q = {(z,y) € X2 d(x,y) <oy — (@)}
may be called the Brgndsted or the Bishop-Phelps preorder on X [9].

From R,q) , by letting ¢ and d to be the zero functions, we can obtain
the specialization and preference preorders R;= {(x,y) € X?: d(z,y)=
0} and R, ={(z,y) € X?: ¢(x)<p(y)} on X [15, 73], respectively.

In this respect, it is also worth mentioning that the divisibility relation
on 7, the subsequence relation on XV, and the refines and divides rela-
tions for covers, relations and relators are also, in general, only preorder
relations [50].

Bestides the usual basic properties, several further remarkable relational
properties were studied in [51]. For instance, a relation R on X was
called quasi-anti-symmetric if y € R(z) and = € R(y) imply R(z) = R(y)
for all z,ye X.

Much more importantly, a relation R on X was called non-mingled-
valued if R(z)NR(y) #0 implies R(z)= R(y) for all x,y € X . Thus, for
instance, it can be shown that all equivalence and linear relations [56] are
non-mingled-valued.

The latter two properties, by using the reasonable notations R~ = R~ 'oR
and R° = (R‘lo RC)C , can be reformulated in the forms RNR~!' C R° and
Ro R~ C R, respectively. Note that if R is non-partial, then R C Ro R~
holds.

4. Generalized Ordered Sets

If R is a relation on X, then analogously to the widely used abbreviation
poset of Birkhoff [3] the ordered pair X (R) = (X, R) may be called a
goset (generalized ordered set) [64], instead of a relational system [/,
43].

If P is a relational property, then the goset X (R) will be said to have
property P if the relation R has this property. For instance, the goset
X (R) will be called reflexive if R is a reflexive relation on X.

In particular, the goset X (R) will be called a proset (preordered set)
if R is a preorder on X [64]. Moreover, the abbreviations toset (totally
ordered set) and woset (well-ordered set) of Rudeanu [44] can also be well
used.

Thus, every set X is a poset with the identity relation Ax. Moreover,
X is a proset with the universal relation X?. And, the power set P(X) =
{A: AC X} of X is a poset with the ordinary set inclusion C.
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If R is a relation on X to Y, then the ordered pair (X,Y)(R) =
((X,Y),R) is called a formal context [16, 19]. Instead of ”formal con-
text”, the terms ”relational space” or ”simple relator space” may also be
well used.

Namely, if R is a family of relations on X to Y, then the ordered pair
(X, Y)(R)
= ((X,Y),R) was called a relator space [55]. Thus, relator spaces are
substantial generalizations of several algebraic and topological structures.

Some important notions used in posets, metric and topological spaces
can be naturally generalized to relator spaces [49]. However, instead of
arbitrary relators it is frequently enough to work only with preorder rela-
tions and relators [1, 58].

If R is a relation on X to Y, then for any B CY we may naturally
define Intg(B) = {A C X : R[A] C B}, and intg(B) = {z € X : {z} €
Intg(B)} . Moreover, we may also naturally define Er = {B CY : intg(B) #

Furthermore, we may also naturally define Lbr(B) = {A C X : Ax
B C R}, and br(B) = {z € X : {z} € Lbr(B)}. However, these tools
are not independent from the former ones. Namely, by [55], we have
LbR = IIltRc OCY .

Now, if R is a relation on X, then for any A C X we may also naturally
define ming(A4) = ANlbr(A) and supy(A) = ming(ubg(A4)), where ubp =
Ibgr-1. Thus, if R is antisymmetric, then ming(A) and supp(A) are at
most singletons.

If A is a subset of a goset X (R), then A(RN A?) is also a goset.
Therefore, for instance, the set A may be naturally called total if this
subgoset is total. That is, RN A% is a total relation on A.

Now, by a usual terminology, a total subset A of a goset X (R) may be
briefly called a chain. Thus, by an extension of the Hausdorff Mazimal
Principle [30], we can state that each monvoid proset contains, at least
one, maximal chain.

An element r of a goset X (R) will be called maximal if x Ry implies
yRzx for all y€ X. That is, R is symmetric at = in the sense that R (x) C
R71(z). Thus, R is symmetric if and only if every element of X (R) is
maximal.

Moreover, the element x© will be called strongly maximal if © Ry tmplies
y=a for all y € X. That is, R is dominated by Ax at z in the sense
that R(xz) C Ax(z). Thus, if R is reflexive at x, then the corresponding
equality also holds.

Note that if in particular r € maxg(X), then z is a mazximal element of
X (R). However, the converse statement need not be true. Moreover, if R
is reflexive and antisymmetric, then ”maximal” and ”strongly maximal”
are equivalent notions.
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5. Further Important Relational Properties

A function f of one goset X (R) to another Y (S) may be naturally called
increasing if uRv implies f(u)S f(v) for all u,v € X. And, f may be
called decreasing if it is increasing as a function of X (R) to the dual
Y(S7Y) of Y(5).

Moreover, the function f may be called strictly increasing if v Rv and
u#v tmply f(u)Sfw) and f(u) # f(v) for all u,v € X. However, to
define a strict form of R, instead of R\ Ax, the relation R\ R™! can
also be used [40].

Now, instead of ”increasing” we may also naturally write ”continuous”.
Namely, f is increasing if and only if v e R(u) implies f(v) € S(f(u)).
That is, if v is in the R-neighbourhood of w, then f(v) is in the S-
neighbourhood of f (u).

This property can be reformulated in several forms. For instance, it
can be proved that [ is increasing if and only if one of the inclusions
foRCSof, RCfloSof, foRof1CS and Rof'C f~'oS holds
[67].

Now, a relation F on a goset X (R) to a set Y may be naturally called
inclusion-increasing if the associated set-valued function ¢, is increasing.
That is, wRv tmplies F (u) C F (v) for all u,ve X.

However, if F is a relation on X (R) to Y (S), then in addition to
the above inclusion-increasingness of F, we may also define an order-
increasingness of F by requiring the implication u € lbg(v) = F(u) €
Lbs(F (v)) for all u,ve X.

Thus, it can be shown that F is inclusion-increasing if and only if Ro
F~1C F~', or equivalently F~' is ascending-valued . And, F is order-
increasing if and only if F~'oRo F71C S, or equivalently F[R(u)] C
ubg (F (u)) for all we X [67].

If + is a binary operation on a set X, then the ordered pair X (+) =
(X, +) will be called an additive (or additively written) groupoid. Though,
the term ”groupoid” is recently rather used for a ”Brandt groupoid” [13,
p. 99].

In this case, for any x € X and A, B C X, we may also naturally define
r+A={x+a: a€ A} and A+ B={a+b: a€ A, be B}. Thus, P(X)
is also a groupoid which may be considered as an extension of X.

According to [52, 54, 59], a relation R on a groupoid X will be called
a translation relation if z+ R(y) C R(x+y) for all x,y € X. Actually, in
this case, R should be rather called a left-super-translational relation on
X.

However, if R is such a relation on a group X, then we can already
prove that R(z) = z+ R(0), and thus R(x+y) = z+R(y) forall x,y e X.
Moreover, if X is commutative, then we can also note that R(x) + y =
r + R(y).

The latter equality does not require a translation property of the do-
main of R. Thus, partial multipliers (the multiplicative forms of partial
translation functions) can be well used for the extensions of commutative
structures [45, 46, 53].
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Quite similarly, a relation F on one groupoid X to another Y could
be naturally called additive if F(z) + F(y) C F(x+y) for all z,y € X.
However, in this case, we shall rather say that F 1is a super additive
relation on X to Y.

Therefore, in this paper, the relation F will be called additive [70] if it
is not only superadditive, but also subadditive in the sense that F (z+y) C
F(z)+ F (y) for all z,y € X. That is, the corresponding equality holds for
all z,ye X.

If in particular X 1is a vector space over R, then for any A € R and
A C X, we may also naturally define N\A={\a: a€ A}. Thus, A may
be briefly defined to be a cone if N\A C A for all A > 0. Moreover, A will
be called pointed if 0 € A.

Thus, a subset A of X is a pointed cone if and only if it is nonvoid and
AACA forall A€ Ry =0, +o0| . Moreover, the cone A will usually be
assumed to be convex in the usual sense that NA+ (1 —A\)A C A for all
Aef0,1].

Thus, a subset A of X 1is a pointed convexr cone if and only if it is
nonvoid and NA+ pA C A for all A\, p € Ry . To derive this, note that
f N +pu#0, then N\A+pu) A+ puA+p)tAC A and thus NA+ puAC
(A+u)ACA.

Now, for instance, a relation F on a cone A in a vector space X to
another vector space Y may be naturally called \—superhomogeneous, for
some A\>0 if NF(z) C F(A\x) for all z € X.

Moreover, I' may be called positively superhomogeneous if it is A—
superhomogeneous for all N > 0. Thus, by using that N\ 'F(\z) C
F (A !'(Az)) = F(z), and thus F(Az) C AF(z), we can see that F is
actually positively homogeneous.

6. An Instructive Example

Notation 6.1. Define

(1) X={zeR?: 214+ 22<0};

(2) v(@) =214z forall zelX;

B) f(x)=(z14+1, 22—1) forall zeX;

(4) S@)={yeX: o¢@<ely)} foral zcX.

Remark 6.1. Hence, by writing = instead of S, we can see that
=y <= Sy <= yeSx) <= ¢@)<ey)
for all x,y € X. Thus, in particular ¢ is increasing with respect to <X and <.

Remark 6.2. Moreover, by writing T instead of <, we can also easily see that

yeS(x) <= o) <oy <= ¢@)Tel) <= oW eT(e()
= y690*1[T(g0(a:))] — ye(ptoTop)(x)
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for all z,y € X. Therefore, S(z) = (ptoTop) (z) forall € X, and thus
S=¢p toTog.

That is, S is projectively generated from T by ¢ [48].

Now, by using definitions (1)—(4), we can also easily prove the follow-
ing two theorems.

Theorem 6.1. The following assertions hold :
(1) 0eX and ¢(0)=0; (2) e=pof;

(3) ¢(z)=(z, (1,1)); 4) fx)==xz+(1,-1) forall z€X.
Proof. To prove (2), note that

p)=m+zm=zm+1l+a—1=p(z1+1,22-1)=¢(f(z)=(pof)(z)
for all x € X. O]

Remark 6.3. From assertions (3) and (4), we can see that ¢ is additive and non-
negatively homogeneous, and f is a translation function on X.

Theorem 6.2. The following assertions hold :

(1) S is total preorder on X; (2) S is not antisymmetric;

(3) S(0)=¢710); 4) SO ={(r,—1)}, cxs

(6) S(0)=Nyex S(2); (6) S(O)={yeX: X=5"@};
(7) 0€S(z) forall x€X; (8) yeS(z) forall z,yc S(0).

Proof. By the definition of S, it is clear that (1) is true. Moreover, if for instance
x=(—1,0) and y = (0, —1), then we can see that x1+x2 = —1 and y;+y> = —1.
Thus, z,y € X such that ¢ (z) < p(y) and ¢ (y) < ¢ (z). Therefore, y € S (z)
and x € S (y), despite that = # y. Thus, (2) is also true.

On the other hand, for any y € R?, we have

yeS0) = v =<0, ¢0)<e(y)
= oy)=0 < yecp (0).

Therefore, (3) is true. Moreover, now we can also note that
yep 10) = ¢y)=0 <= y+yp=0 < yp=—y.

Therefore, ¢~ 1(0)={(r, —r): r € R}, and thus (4) is also true.

Now, for any y € X, we can also note that

yeS0) <= ¢y)=0 < VeeX: o) <e(y)
— VzeX: yeSx) <= yec(lex Sx).
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Therefore, (5) is also true. Moreover, we can also note that

yeS0) < VzeX: yeS(x)
— VzecX: 2S5y <= Sy =X.

Therefore, (6) is also true.

Finally, if € X, then by (1) and (5) we can see that 0 € S(0) C S (z), and thus
(7) holds. Moreover, if z, y € S(0), then by (3) we have ¢ (z) =0 and ¢(y) =0.
Therefore, ¢ (z) < ¢ (y), and thus y € S (x) trivially holds. Thus, (8) also hold. [

Remark 6.4. From the totality of S, we can see that every subset A of X 1is total
with respect to the relation S . That is, A is a chain in X (S).

Moreover, because of the reflexivity and transitivity of S, for any z,y € X we
have

1Sy < yeS@k) <« S CS[S@)] < Sy CS@).

Therefore, the inclusion properties of the values S (x) uniquely determine S . More-
over, the relation S is increasing with respect to itself and C.

Remark 6.5. From assertion (1), we can also see that SN S~ is the largest sym-
metric (equivalence) relation contained in S .

Thus, in particular, the identity function Ax of X 1is selection function of not
only of S, but also of SN S~L.

Remark 6.6. Assertions (7) and (8) can be reformulated in the forms that :
(1) S7H0) = X; (2) S(0)?2C S.

Remark 6.7. By using the corresponding definitions, we can see that

min ((po S)(z)) = min (¢ [S (z)]) = Jmin o (y) = o (2)

and

max ((p o S)(z) =max (¢S (z)]) = max @ (y)=¢(0)=0

for all x € X. Thus, in particular we can also state that

p(z) =sup ((po S)(z)) =0
forall x € X.

Remark 6.8. While, from assertion (8), we can see that the restriction of S to S (0)
is just the universal relation on S (0).

Moreover, we can also note hat {0} is the largest antisymmetric subset of S (0).
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7. Two Further Theorems on the Relation S

Since ¢ (z) <0 for all z € X, we may also naturally introduce the following

Notation 7.1. For any = € X, we define

Namely, by using this notation, in addition to Remark 6.2, we can also
easily establish the following instructive reformulation of the definition of
the relation S.

Theorem 7.1. We have
S=¢plod.
Proof. By the corresponding definitions, for any z, y € X, we have
yeS(r) <= ¢@) <y <0 <= ¢y e]—o0,0]Nn[p), +oof
= o elp@), 0] &= o el <= yep '[2(z)].

Therefore,

S@) =9 [@(@)]= (¢ o @)(x)
for all x € X, and thus the required equality is also true. ]

Remark 7.1. From the above theorem, we can also see that

forall x € X, and thus ¢ lop C S.

Howewver, the latter inclusion is even more obvious from Remark 6.2 by the re-
flexivity of T . Note that, by Remark 6.2, we could use the more simple, but not
compact-valued relation T o ¢ instead of P .

To determine some antisymmetric subsets of S (x), it seems also con-
venient to introduce the following

Notation 7.2. For any = € X, we define

Dy (z)={(2x1,8): s€lxz, —a1]}
and

Do(z)={(r,ze): 1€z, —x2]}.

Now, as an extension of a former observation that {0} is a mazximal
antisymmetric subset of S(0), we can also prove the following



148 International Journal of Mathematics, Statistics and Operations Research

Theorem 7.2. For any = € X,
I'y () and Iy ()
are mazximal antisymmetric subsets of S (x) such that
Iy(z)NTy(x) ={z}.

Proof. We shall only prove the corresponding statement for I'; (x). For this, note
that if s € [x2, —x1], then

Tog < 8 and s< —x1.
Hence, we can infer that

oy, s)=x1+s<z;—21=0 and ¢p@)=x1+z2<x1+5=0p(x1,s).

Therefore, (x1,s) € X and (1, s) € S(x). This shows I';(z) C S(x).
Moreover, if (z1, s), (z1, v) € I'1 (z) such that

(z1,v) € §(x1, s) and (z1,s) € S(z1,0),
then we can see that
plar,5) < @la,v)  and (e, ) < gl s).
Therefore,
r1+s=¢(x1,s)=¢(x1,v) =21+ 0,

and thus s = v. This shows (21, s) = (21, v), and thus I'y () is an antisymmetric
subset of X (5).

Therefore, to complete the proof, we need only show the required maximality prop-
erty of T'y (x). For this, suppose that y € S (z) such that I'y (z) U {y} is still an
antisymmetric subset of X (S). Then, we can note that

p(y) <0 and p(x) < @(y).
Now, by defining
s=p(y) —n and z=(x1,s),
we can note that
o=s1+s—s1=¢@) -—n1<ely)—z1=s and s=¢(y) —o < —x1,
and thus z € I'y (). Moreover, we can also note that

p)=z1+s=m1+ ¢y —z1=p(y),
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and thus ¢ (2) < ¢ (y) and ¢ (y) < ¢ (y). Therefore,
y € S(z) and ze S (y).

Hence, by using the antisymmetry of I'; (z) U{y}, we can infer that y = z € I'; (x).
Therefore, 'y (z)U{y} = I'1 (z), and thus the required maximality property of I'; (z)
is also true. ]

Remark 7.2. From this theorem, we can see that if © € X such that ¢ (x) # 0,
then there does not exist a largest antisymmetric subset of S (z).

For this, it is enough to note only that
u=(z1, —x1) € I'1 (x) and v = (—x2, x2) € T'g ()

such that v € S(u) and u € S(v), but uw#v. Therefore, T'1 (z)U 'y (x) is not an
antisymmetric subset of S (x) .

8. Monotonicity and Other Mapping Properties

Theorem 8.1. The following assertions hold :
(1) ¢ is a increasing function of X (S) onto R_ =] —o0, 0];

(2) f is an extensive and intensive function of X (S) onto itself such that f has
no fired points;

(3) @ is decreasing relation of X (S) onto R_ such that ¢ is selection function
of ®;

(4) S is a decreasing relation of X (S) onto X such that f is a selection
function of SNS™1.

Proof. The increasingness of ¢ with respect the the relations S and < was already
established in Remark 6.1.

To prove assertion (2), note that, for any z € X, we have ¢ (f(z)) =¢ (z) <
z (

0,
and thus f () € X. Moreover, we trivially have ¢ (z) < ¢ (f(z)) and ¢ (f (= )) <
¢ (z), and thus

f(z) e S(x) and zeS(f(x).

Therefore, f is both extensive and intensive with respect to the relation S.
Hence, we can also see that

f@)eS@E)NS(z)=(SN S)(z)

for all 2 € X. Therefore, f is also a selection function of SN S~1.

To prove the decreasingness of the relations S and & with respect to the relations
S and C, note that by Remark 6.4

xSy = S(y)CS(x),
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and by the definition of S and &

Sy = yeS() = ¢)<e(y) <0
@

for all x, y € X. O

Remark 8.1. Note that S is actually the largest relation on X which makes the
function ¢ to be increasing with respect to the relations S and <.

Namely, if R is such a relation on X, then
(z,y)e R — xRy — o¢(@)<ely) = 25y — (z,y)eS

forall x,y e X, and thus RC S

In addition to Theorem 8.1, it is also worth mentioning the following
two facts.

Remark 8.2. By using the plausible, but ambiguous notation
7= (21, 22) 7 = (29, 1),
we can see that xo+ x1 = ¢ (x) < 0 for all x € X. Therefore,
rlteX, and o(z™) = ¢(z)
Thus, X is a symmetric subset of R? and ¢ is a symmetric function of X.

Remark 8.3. Hence, by the definition of the relation ®, we can see that

d(z7t)

I
AS)
8
L
S
I
AS
—~~
8
~—
)
I
iS)
—~~
8
~

for all x € X. Thus, ® s symmetric relation of X onto R_.
Moreover, by the definition of S, we can see that

yeS(x) —= yleSk) <= ¢

(z)<e@(y ) <0
= o

r)<p(y) <0 = yeS(z)

for all x,y € X. Therefore, S(z)™!' = S(z) for all x € X, and thus S is a
symmetric-valued relation of X onto itself.

However, it is now more important to note that, in addition to Theorem
8.1, we can also prove the following two theorems.

Theorem 8.2. The following assertions hold :
(1) S(0) = max (X);
(2) there is no strongly mazimal element of X (S);

(3) S(0) is the family of all mazimal elements of X (S).
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Proof. 1f x € S(0), then by Theorem 6.2 we have z € ¢~1(0), and thus ¢ (z) =0.
Therefore, for any y € X, we have ¢ (y) < 0 = ¢ (z), and thus ySx. Hence, we
can infer that x € ub(X), and thus also z € X Nub (X) = max (X). Therefore,
S (0) € max (X).

Conversely, if x € max(X), then we have z € ub(X), and thus y Sz for all
y € X. Hence, in particular, we can infer that 0S5z, and thus 0 = ¢ (0) < ¢ (x).
Moreover, since z € X, we also have ¢ (z) < 0. Therefore, we actually have ¢ (z) =
0. Hence, we can already see that x € ¢ ~1(0) = S (0). Therefore, max (X) C S(0),
and thus equality (1) also holds.

To prove (2), note that if x € X, then by Theorem 8.1 we have xS f (x) such that
f (z) # x. Therefore, x cannot be a strongly maximal element of X.

Moreover, since every element of max (X) is, in particular, a maximal element of
X (S), by (1) we can at once see that each element of S (0) is a maximal element of
X (S) . Therefore, to prove (3), we need only prove the converse statement.

For this, assume that z is a maximal element of X (S). Then, because of z € X,
we have ¢ (x) < 0= ¢(0), and thus zS0. Hence, by using the maximality of =,
we can infer that 0S5z, and thus 0 = ¢ (0) < ¢ (x). Therefore, we actually have
¢ (x) =0, and thus z € ¢~1(0) = S(0). O

Theorem 8.3. The following assertions hold :

(1) there is no strong fixed point of S ;
(2) every element of X is a fixed point of S .

Proof. By the reflexivity of S, it is clear that (2) is true. Moreover, by Theorem
8.2, we can see that (1) is also true. O
9. Additivity and Homogeneity Properties

Theorem 9.1. The following assertions hold :
(1) X is a pointed conver cone in R?;

2) S (0) is the largest linear subspace of R? contained in X .
( g

Proof. If A € Ry and z € X, then by the corresponding definitions we have
Az = (Axy, Axg) and A>0, 1+ 29 < 0.
Hence, we can already infer that
(Az)1 + (Az)ea= Az + Axe = A(x1+22) < 0,

and thus Az € X.
Moreover, if x, y € X, then by the corresponding definitions we have

r4y=(x1+y1, T2+ y2) and 1+ 22 <0, y1+y2 < 0.
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Hence, we can already infer that
(z+yhr+ (r+yp=n1+y +r2t+p=o1+22+ 1 +y2 <0,

and thus x 4y € X. Therefore, in particular, assertion (1) is true.

On the other hand, from assertion (4) of Theorem 6.2, we can at once see that S (0)
is a linear subspace of R?. Therefore, to prove (2), we need only prove the stated
maximality property of S (0).

For this, assume that Y is a linear subspace of R? such that Y C X. Then, for
any y € Y, we also have y € X, and thus ¢ (y) < 0. Moreover, since now —y € Y
also holds, we can also note that —y € X, and thus ¢ (—y) < 0. However, thus we
also have

0< -y =—(nn+y2)=-v+(-y2)=¢(-y) <0.

Therefore, ¢ (y) = 0, and thus by Theorem 6.2 we have y € ¢~ 1(0) = S (0). This
shows that Y C S(0), and thus assertion (2) is also true. O

Remark 9.1. Recall that if A is a pointed, convex cone in R?, then we have not
only NAC A forall N\e Ry, but also NA+pA C A forall A\, p e R,

Theorem 9.2. The following assertions hold :

(1) ¢ is a positively homogeneous, additive function of X onto R_ such that

e[S5(0)] ={0};

(2) @ is a nonegatively homogeneous, additive relation of X onto R_ such that
®[5(0)] =10}

(3) S is a positively homogeneous, additive relation of X onto itself such that
S[S(0)]=5(0).

Proof. If A€ Ry, x € X and t € ®(x), then by using the definition of ® and
assertion (1), we can see that

p(x)<t<0 and e(Ax)=Ap(x) < At < 0.
Therefore, A\t € ® (Ax), and thus
AP () SO (Ax).

This shows that ® is nonnegatively superhomogeneous, and thus it is also positively
homogeneous.

Quite similarly, if A€ R, , xz € X and y € S(z), then by using the definition of
S and assertion (1), we can see that

¢ (y) <e(y) and p(Az)=Arp(z) < Ao (y) = (Ay).
Therefore, Ay € S(Ax), and thus

AS(z) CS(Ax).
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This shows that S is also nonnegatively superhomogeneous, and thus it is also posi-
tively homogeneous.

In addition to the positive homogeneity of ® and S, we can also note that
®(0z) =2(0) =[¢(0), 0] ={0} = 09 (x),
but
S0z)=S50)={(r,-r): reR}#{0}=085(z).

Therefore, ® is 0-homogeneous too, but S is not so even at any point of X.

On the other hand, if z,y € X, r € ®(x) and s € ®(y), then by using the
definition of ® and assertion (1) we can see that

) <r<0, ¢ <r<0 and p(z+y)=¢@)+ely)<r+s.
Therefore, r+s € ® (z+y), and thus
P(x)+P(y) C P(x+y).

This shows that & is superadditive.

Quite similarly, if z, y € X, z € S(z) and w € S(y), then by using the definition
of S and assertion (1) we can see that

o (@) < p(2) and ¢ (y) < ¢ (w)
and
plety)=¢@ +el) <) +ew)=yp(z+w).
Therefore, z+w € S (z +y), and thus
S(@)+ Sy € S(z+y).

This shows that S is also superadditive.

Now, it remains actually to show only that both ® and S are also subadditive.
For this, assume first that z, y € X and ¢ € ® (2 +y). Then, by assertion (1) and
the definition of ®, we have

)t =p(r+y)<t<0.

If ¢(z)+ ¢(y) =0, then we evidently have t =0+ 0 € ® (z) + ® (y) . Therefore,
we may assume that ¢ (z) + ¢ (y) # 0. Define

r=—20 gy and s=——2Y 4
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Then, we evidently have

p() <0, 9E)<0, @ +el) <0, @ +pE) <toO,

@S e YO T T T cwr e S
and
t _ . %)
WS e Y T Tt el =

Therefore, 7€ ®(x) and s € ®(x), and thus t=r+s € ®(z)+ ®(y) also holds.
This shows that

O(z+y) C (x)+ (y),

and thus & is subadditive too.

Next suppose that z, y € X and w € S(z + y). Then, by assertion (1) and the
definition of S, we have

p@)+ey) =plzty) < pw) <0.
If p(z)+ ¢(y) =0, then ¢ (w) = 0, and thus w € = 1(0) = S(0). Hence, by

Theorem 6.2, we can see that w = w40 € S (z) + S (y) . Therefore, we may assume
that ¢ (z) + ¢ (y) # 0. Define

=0V T w and w=——">"<W.

I 21 C.) NI <1 ')

¢ () + ¢ (y) o)+ ¢ (y)

)< 0, oy <0, e@)+ey <o0, @)+ <ew) <0,
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and

¢ (y) W) = 2 (w)

W= T ew

Therefore, z € S (z) and w € S(y), and thus w = z4+w € S(x) + S(y). This
shows that

S(x+y) C S(x)+ Sy,

and thus S is subaditive too. O

10. Translation Properties

From Theorems 6.1, 6.2 and 9.2, we can immediately derive the following

Theorem 10.1. The following assertions hold :

(1) f s a translation function ; (2) S is a translation relation .

Proof. Namely, by the reflexivity and superadditivity of S, we evidently have
r+S(y) S+ Sy cS(z+y)

for all z, y € X. O
Hence, by taking y =0, we can immediately derive the following
Corollary 10.1. For any = € X, we have
z+ 5(0) C S(z).
The following example shows that the corresponding equality need not be

true. Therefore, a translation relation even on a pointed convexr cone need
not be in the expected form [52, Theorem 3.2].

Example 10.1. If for instance
x=(0, —1) and y=(-1,1),
then
p(x) =21+ 32 = —1 and ey) =y +y2=0.
and thus ¢ (z) < ¢ (y) < 0. Therefore,

z,ye X and yeS(z).
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On the other hand, by using Theorem 6.2, we can see that

z+ S(0)=(z1,22) + {(r,-1): rER}
={(z14+r,z2—1): reR}={(r,-1-r): reR}.

Hence, we can see that y ¢ x4+ S(0), and thus
S(z)Z =+ S(0).
Namely, if y € x + S (0), then by the above equality there exists r € R such that

(-1,1)=y = (r, —1—r). Therefore, —1=r, and thus 1 = —1—1r =0, which is
contradiction.

Remark 10.1. By Theorem 6.2 and Remark 7.1, we have
S(0) = ¢~ 1(0) and (¢ o) () C 5 (x)
for all x € X.

Therefore, Corollary 10.1 can be improved by proving the following

Theorem 10.2. For any x € X, we have
(p7lop)(@) =2 + ¢71(0).
Proof. If ye (¢ toy)(z), then
e (y) =¢ ().
Define v = 3y — x. Then, v € R? such that y =  + u and
uituw=y-—rtyp-—v=y+y— (11t+z)=9¢y) ¢ =0

Therefore, © € X and ¢ (u) = 0. Hence, we can already see that u € ¢~(0), and
thus

y=x+u €z + o (0.
This proves that
(¢p7Top)(@) S 2+ ¢71(0).
While, if y €  + ¢ 71(0), then there exists u € p~1(0) such that y = = + u.

Hence, we can infer that ¢ (u) = 0. Now, by using Theorem 9.2, we can already see
that

ey)=¢(z+u)=p@) + o) =0e¢@),
and thus

yee (p@) = (¢ op)(x).
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This proves that

x4+ 9 H0) C (¢ o) (a),
and thus the required equality is also true. ]

Remark 10.2. Hence, since ¢ '(0) = ¢ (¢ (0)) = (p7'o¢)(0), we can see that

(¢7lop)(x) =2+ (¢ o p)(0)

forall x € X.

Thus, since (¢~ o ¢)(0) = ¢~1(0) = S(0) is a linear subspace of R?*, ¢~ 'o ¢
1s also a very particular translation relation on X.

Moreover, since for any x,y € X we have

-1

ye(plop)(z) <= ov@)=0vy),

1

it 1s clear that ¢~ 0 ¢ s already an equivalence relation on X.

From Theorem 10.2, we can easily derive the following

Corollary 10.2. For any r € R_, we have

Pl (r) = (r, 0) + ¢71(0).

Proof. By defining x = (r, 0), we can see that = € X such that ¢ (x) = r. Hence,
by using Theorem 10.2, we can already see that

e ()= (@)= (¢ lop)(x) =(r,0) + ¢ " (0) =z + ¢ '(0).

O
Remark 10.3. Thus, by identifying the real number r with the complex number
(r,0), we can also state that o~ '(r) = r + ¢~ 1(0) forall r € R_.

Now, analogously to Theorem 10.2, we can also prove the following

Theorem 10.3. For any y € X, we have
S7Hy) =y + S7H0).
Proof. 1f z € S~ (y), then y € S(z), and thus
p(x) < o(y).
Define u = x — y. Then, u € R? such that z = y + u and
uptup =11 — Y1+ T2 —Y=21+22 — (Y1 +y2) =p(r) —p(y) <0.

Therefore, u € X and ¢ (u) < 0= ¢ (0). Hence, we can already see that 0 € S (u),
and thus u € S71(0) . Therefore,

r=y+ucy+ SH0).
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This proves that
S7Hy) S y+S7H0).

While, if 2 € y + S~1(0), then there exists u € S~1(0) such that = = y + u.
Now, we can note that

y € S(y) and 0€S(u).
Hence,by using the superadditivity of S we can infer that
y=y+0e€S{y)+Su)CS(y+u)==5(z),
and thus x € S~ (y) also holds. This proves that
y+ 5710 € S7(y),

and thus the required equality is also true. O
From this theorem, by using Remark 6.6, we can immediately derive

Corollary 10.3. For any y € X, we have
STHy) =y + X.

Remark 10.4. Hence, since X is a pointed convex cone in R?, we can see that S~
is also a very particular translation relation on X.

11. Possibilities for Some Further Investigations

In addition to the algebraic properties of the relations considered in this
paper, some topological properties of these relations can also be investi-
gated.

For this, note that on the sets X and R we may naturally consider the
stngleton relators {S} and { <}, respectively.

Moreover, on the set R we may also naturally consider the countable
relator R ={R,}nen, with

R,={(r,s)eR?: d(r,s)<27"}.

Furthermore, on the set R? we may also naturally consider more than
one similar singleton and countable relators.

Namely, on R?, in addition to the usual coordinate-wise partial order,
we may also naturally consider the lexicographic order.

Moreover, on R?, instead of the usual Euclidean metric, we may also
consider the postman, radial and river metrics [61].

However, it is now more important to note that some of the assump-
tions of Notation 6.1, and the results of this paper, can be modified and
generalized.



An Instructive Counterexample to a Maximality Theorem of Raul Fierro 159

First of all, instead of the preference relation S, we may also naturally
consider the Brondsted relation

Si={(z,y)e X*: d(z,y)<¢ly)—¢)}

with a quasi-pseudo-metric d on R?. Namely, thus we have S =S .

Moreover, we may naturally look for some sufficient conditions on d in
order that some of the theorems on S could remain true for S;.

On the other hand, it would also be of some interest to find some coun-
terexamples to Fierro’s Theorem 1.1 by using Pervin and Cantor relations
instead of S .
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